Lecture 5. Modeling with First Order
Equations

In this section, we will discuss about the applications of first-order equations.

Part 1. Polulation Models
Exponential Growth Model

Example 1.

A culture of yeast grows at a rate proportional to its size. If the initial population is 2000 cells and it doubles
after 2 hours, answer the following questions.

(1) Write an expression for the number of yeast cells after ¢ hours.
(2) Find the number of yeast cells after 7 hours.

(3) Find the rate at which the population of yeast cells is increasing at 7 hours.
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Summary: Exponential Growth Model

e Earlier we used the exponential differential equation

dP
— =kP
dt
with solution
P(t) = Pye*

to model natural population growth.

e This assumed that the birth and death rates were constant.

e Now we consider a more general population model that allows for nonconstant birth and death rates.

Variable Birth and Death Rates

e We define the birth rate function 3(¢) as the number of births per unit of population per unit of time at
time ¢.

e Similary, the death rate function (%) is the number of deaths per unit of population per unit of time at
time ¢.

e Over the time interval [t,t + At] there are then roughj@(t) - P(t) - At births and 6(¢) - P(t) - At deaths
e Thus the change in population over this time interval is
AP = { births } — { deaths } ~ B(t) - P(t) - At — §(t) - P(t) - At
e Dividing by At gives
AP
— =~ [B(t) — 6(¢)|P(t
o~ [8() — 6] P(t)
e Taking the limit as At — 0 gives the general population equation
dP
— = (B(t) = (t)) P
— = (B(t) - 8(¢))
¢ Inthe event that 8 and § are constant, this equation reduces to the natural growth equation with
k=p-0.
e Butit also includes the possibility that 8 and § vary with ¢.



The Logistic Equation

Decreasing Birth Rate

We often observe that the birth rate of a population decreases as the population itself grows.

One way to model this is to assume that the birth rate Bis a linear decreasing function of the population
size P, then

B=po— PP
where By and (1 are positive constants.

If the death rate § = y remains constant, then our general population equation becomes

O — (8- 0P = (6~ HiP - §)P

We can rewrite this as

L aP — bP?
dt

wherea = By — dg and b = (.
If the coefficients @ and b are both positive, then this equation is called the logistic equation.

It is useful to rewrite the logistic equation in the form

dP
= —kP(M-P
o = kP( )

where k = band M = a/b are constants.



Limiting Populations and Carrying Capacity

e The exponential differential equation has a general solution P(t) = Pyekt. See Example 1 for a special
case.

e |t follows that

lim P(t) =

t—-+00

e This means that the population grows without bound in a naturally growing population model.

e Question: If a population satisfies the logistic equation, what can we say about the population in the long-
term?

Example 2. Show that the solution of the logistic initial value problem

dP ~ Py

— =kP(M —P), P(0)=Py

M P,

P(t) =
( ) Py + (M — Po)ekot

Make it clear how your derivation depends on whether 0 < Py < M or Py > M.

ANS: I]‘ P#0, omd M-P# D, then

e L

A (L, —L _

=4 % (F - g )P = J bt
ASWme C’(M‘P)

1 A, B —LO—L( _
PtM—P]) >t P ol P j ) kt tC,

- AMEAPABE > L(inlp| ~In [M-P) = kt te,

PM-P) M\ B
[B-myPsaM] . P N :
“im- P) > n lT-P ‘ - ZAH W
Cm'nraiu the jcieni > ,‘j 3 ¢ ‘ e,mrb
iB-A=o QiA-ﬁ 4 PP it
M =1 L > _F =
“ 52 M M= Pt) (e



Sine Po)= P, we hrow Pe _ 6/": ‘

M- Pos
we have Py P Mhd
m—pPry - m-p. €

> p(M=P.) = P (M-P)E
S _P(M—Pe) + PP e'm = P M GMH
>

M RT
Plim-py +0. &) = poae”
b, M@MH' e-mu
> .
52 [W-Ps) + P, ™ o~
D M P-
(t)-
P l)o _i_({vl’,)o)e_zukt
: _ MM
ij’o—/"\. e hwe P(b)= T = M
: Tj o0 <P, <M - AP(M-P) >0 newr P oncl
Pit )= P"M < LM =M

Fo + fros. Mmberi Po
CIf P>M B S kp(M-P) <O mear [ ond

p—s M =M

Po + {nequtle mmper § 7 P

-In either tmse, we ‘ffV\OI —[-|—£>v:‘;\o Pio= I;M f;} = M

P O,Frmo\cl«szs +he -[Ini‘te h‘mH}r\J I)a{m(a'(rom M as {—sa
-We some{imes all M Ahe a«ryavj Co{»aﬁ'g OT the environment



Example 3. Assuming P > 0, suppose that a population develops according to the logistic equation

dP
— = 0.07P — 0.0007 P2

where t is measured in weeks. Answer the following questions.

1. The carrying capacity is the limit lim;_,, P(t) of the population size after a very long time. What is the

carrying capacity? .
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2. When Pis very small its growth is approximately exponential: P(t) ~ AeP* for some constants A and k.
Here k represents the "exponential growth rate". In this problem what is the value of k?
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3. For what values of P is the population increasing?

From 4dhe Ej d. We hnow fé (0, l0o)

4. For what values of P is the population decreasing?
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Part 2. An Application of Linear First-Order Equations: Mixture Problems
e Atank containing a solution-a mixture of solute and solvent-has both inflow and outflow. Our goal is to
find the amount () of solute at time ¢, given the initial amount .

e Suppose that solution with a concentration of ¢; grams of solute per liter of solution flows into the tank at
the constant rate of r; liters per second, and that the (mixed) solution in the tank flows out at the rate of
T, liters per second.

% Input: r; L/s, c;g/L

Amount x(7)

0 Volume V(f)

Concentration c,(f) = %

Analysis: Set up a differential equation for z(t)

e We want to estimate the change Az in z during the brief time interval [¢,t + At].
e The amount of solute that flows into the tank during At seconds is I3 4 8lgrams.

e The amount that flows out of the tank is more complex because it depends upon the conceration

co(t) = ‘K’ ﬁ )f of solute in the solution at time ¢

¢ So the change Az in the amount of solute is:

Az = {grams input} — {grams output} zM" ToC. At
¢ Dividing by At, gives

2T Y‘%Ci ".YoCo

o Let At — 0,

L&Jco

e Note r;, c;, and r, are constant. Butco = SZ(ES
e IfVy=V(0),then V(¢) =\t “ﬂ, I,l“;SoV is a constant when 14= o .

Therefore,

dz z(t)
3y - TiCi —To 77\
V(t)

7 , where V(t) = Vi + (ri — 7o)t
Note +his is 0 haeor Ist orcker o .
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Example 4 \\ X()=0

A tank initially contains 240 gal of pure water. Brine containing 1/41b of salt per gallon enters the tank at

2gal /min, and the (perfectly mixed) solution leaves the tank at 4gal/min; thus the tank is empty after exactly
2 h.

(a) Find the amount of salt in the tank after t minutes. X ()

(b) What is the maximum amount of salt ever in the tank?
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A2 > (=0 Lj' /L
Exercise 5. A tank contains 70 kg of salt and 1000 L of water. Pure water enters a tank at the rate 8 L /min.
The solution is mixed and drains from the tank at the rate 4 L /min. _
‘ Y\J; - g j_/mw\
(1) What is the amount of salt in the tank initially? Vo= &4 J—/W! thg

(2) Find the amount of salt in the tank after 2 hours. = ]20 m /'

(3) Find the concentration of salt in the solution in the tank as time approaches infinity.

ANS‘ U) WQ/ ér\UW )((,O): 70 8 ~(m ‘t’he %ues-[')\r\q

) We need o ’f‘\"d X(20) So we Mhwe +Ho sef M?) om

e%n ’fcﬂ\ xlt) ond solye 1t.

We hknow X (0) :7o£j_ C;,ZOIU/L,

Y&:SL/W“\“; 'Y‘D:Z/»_L/m.‘n g 4

C.= B2 where Vit)= Vot (Fs —p) b = 1000 + 4

TMS O'X _ -C_ — Y\OM
ot Vet)

= Q. _ X
=80 4 fooo +4t

—

> jj; = — K+ " (Se(;ambta e%n in fhis
/0D O

S'becio.l Coge )

> ( dx _j_ _
J X ) 280+t ot
D Inx = —Inbso+t) + ¢, = Inaso+t) 4 ¢,

[n (280+t )-' C

> A= 8 "= ((20+t)"



> . c
) ASo+7T
C
As x(o)= 70 , we have Seorg = 0
= C=250*o= 7800
0 0
_ﬂuu * [ )= 17‘3
250+
Note 2 hours = /20 mms
iyele _feo 900
We. have Xle)= "o s =30 Ty e

howe X (£)= 11890
(2) We N

Thus ity [im —L1800
«L—QQ - 44— 89 280+1

T 4he o mount of Soft in Yo funk goes o

0O & t>&

So the  Concentrnhio 5(”( xtt) g° oes to © ﬁ/f—

Veo)



Exercise 6. Attimet = 0, a tank contains 200z of salt dissolved in 100 gallons of water. Then brine containing
60z of salt per gallon of brine is allowed to enter the tank at a rate of 5gal /min and the mixed solution is

drained from the tank at the same rate.
(1) How much salt is in the tank at an arbitrary time?

(2) How much salt is in the tank at time 25 min?
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Exercise 7. A tank initially contains 200 gallons of brine, with 50 pounds of salt in solution. Brine containing 2
pounds of salt per gallon is entering the tank at the rate of 4 gallons per minute and is is flowing out at the
same rate. If the mixture in the tank is kept uniform by constant stirring, find the amount of salt in the tank at
the end of 40 minutes.

Solution. From the question, we know x(0) = 50 pounds, V' (0) = 200 gallons, 7; = 4 gallons/min, ¢; = 2
pounds/gallon, and r, = 4 gallons/min.

Thus V =V + (r; — ro)t = Vi = 200, which is a constant.

So we have
dx z(t)
—— =TiC; —ToCo = 8 —4——
7 7iC;i — ToC 8 100
Simplify, we have
de 3 z(t)
dt 25

You can either solve it as a separable equation or a linear first order equation. We will solve it as a separable
equation in this note. We have

dez 200 — z(t)

dt 25
Thus
1 1
—de = —— [ dt
/w—QOO T
1
Thus we have In |z — 200| = —%t +C.
As z(0) = 50, we know C' = In 150.
1

Thus In [z — 200 = — ot + 150 = |z —200| = e 150- 5t — 150w

Note when tis close to t = 0, z(¢) is close to 50 pounds, which is less than 200. So we may assume
x — 200 < 0 when we remove the absolution sign.

Thus we have |a: — 200| =200 — ¢ = 1506—%75

Soz = 200 — 150e =,
Therefore z(40) = 200 — 150e~ % ~ 169.716 pounds.



Exercise 8. A population P obeys the logistic model. It satisfies the equation

dP 9
— =——P(11 - P)for P> 0
i~ 11007 ) for P>
1. The population is increasingwhen __ < P <

2. The population is decreasingwhen P > __

3. Assume that P(0) = 2. Find P(40).
Solution.

1. From the discussion in Example 2, we know the population is increasing when 0 < P < 11.

2. The population is decreasing when P > 11.

3. You can use either the formula derived in Example 2 directly, or compute the solution yourself.
MP,

Note if h t ly the fi la directly, h P(t) = , with
otei i;ouc oose to apply the formula directly, we have P(t) Pt (M—Pg)e*Mkt Wi
- M=11 P(0) = 2.

k= T00’ and P(0) =

Thus

MP, 22
P(t) = 0 - .
Py + (M — Py)e Mkt 2 4 9e—9t/100
22
Then P(40) = —g— ~ 9.79557
2+ e18/5

To solve this equation as a separable differential equation, we rewrite it as

/ _ 1 oo [ La
P(11— P) 1100

1 A B 11A—- AP+ BP 11A+(B-A)P

A - = — e =
SUMe PP P 11-P P(11— P) P(11— P)

Compare the coefficients, we know

B—AanndllAzl.ThusA:le_ll

1 1 1 9
_1</_dP+/ 11—PdP) _/ 1100dt
/ —dP — / (11 - / dt
P 11— 1100

Thus

Thus we have



P 9
In|P|—In|11 - P| =1 = t
n|P| —In| e vyl R TR
So
P
— Cett
1n-r
As P(0) = 2, we know 2 = C
Thus
P 2 o,
= —e 100
11-P 9
226(9t)/100
Solve for P(t), tP(t) = ———
olve for P(t), we get P(t) 5o @)/ 1 g
22¢18/%
Then we get P(t) = ———— = 9.79557, which is the same as we got by applying the formula.
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