
Lecture 5. Modeling with First Order 
Equations

 

In this section, we will discuss about the applications of first-order equations.

Part 1. Polulation Models  

Exponential Growth Model  

Example 1. 

A culture of yeast grows at a rate proportional to its size. If the initial population is 2000 cells and it doubles 
after 2 hours, answer the following questions.

(1) Write an expression for the number of yeast cells after  hours.

(2) Find the number of yeast cells after 7 hours.

(3) Find the rate at which the population of yeast cells is increasing at 7 hours.

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

ANS : 11) Let PH) be the population of yeast at time +.
Then we know

Sp -> Po

d = 2 P
,

) = 2000
,
P(2) = 2 : P. = 4000

We have

J &P =SRdt ex
+y
= ex .
21

=> In P = Rt + C,

-=> e(p = ek+ + C = C
4+t = CeRt

So PH)= Ce
*

for some constants b
.

and C.

As P(01 = 2000 , P(0)= C . + = C = 2000

As P(2) = 4000 · P(2) = 2000 e = 4000



=>
!
= 2 => Ine
!
= In 2 => 2k= In2

= k= Po ->K
↑ In>ItThus PH) = 2000 e

/n 2↑

P(7)= 2000 e
7

= 2000 e

(3) The question asks us p(c).

We know

P'H) = = PH)= PH)=20002

Thus
p'c7) = 1000 In 2e

.



 

Summary: Exponential Growth Model  

Earlier we used the exponential differential equation

 

with solution

 

   to model natural population growth.

This assumed that the birth and death rates were constant.

Now we consider a more general population model that allows for  nonconstant birth and death rates.

 

 

 

 

Variable Birth and Death Rates  

We define the birth rate function  as the number of births per unit of population per unit of time at 
time .

Similary, the death rate function  is the number of deaths per unit of population per unit of time at 
time .

Over the time interval  there are then roughl  births and  deaths

Thus the change in population over this time interval is

 

Dividing by  gives

 

Taking the limit as  gives the general population equation

 

In the event that  and  are constant, this equation reduces to the natural growth equation with 
.

But it also includes the possibility that  and  vary with .

 

I



 

The Logistic Equation  

Decreasing Birth Rate

We often observe that the birth rate of a population decreases as the population itself grows.

One way to model this is to assume that the birth rate  is a linear decreasing function of the population 
size , then

 

where  and  are positive constants.

If the death rate  remains constant, then our general population equation becomes

 

We can rewrite this as

 

where  and .

If the coefficients  and  are both positive, then this equation is called the  logistic equation.

It is useful to rewrite the logistic equation in the form

 

where  and  are constants.

 

 

 

 

 

 

 

 

 

 

 



 

Limiting Populations and Carrying Capacity

The exponential differential equation has a general solution . See Example 1 for a special 
case.

It follows that

 

This means that the population grows without bound in a naturally growing population model.

Question: If a population satisfies the logistic equation, what can we say about the population in the long-
term?

Example 2. Show that the solution of the logistic initial value problem

 

is

 

Make it clear how your derivation depends on whether  or .

 

 

 

 

 

 

 

 

 

 

-> PH)

ANs : If PHO, and M-PO ,

then

CP

Jp(M- p) =/R dt

· J(f + up)dp = Jadt
Assume ↑

I

#= p + up => (j+ap -JCM) = Rt , ,P(M-P)

=
AM-AP+ BP => (n(P) - In (M- Pl) = Rt + c ,P(M-P)

C2

=- = = Mkt + MC ,-ASP+ AM in/nP-pl -P (M- P)
C

Compare the coefficients
P -=>
n - p

= I . eMkt

=> MRIA=0 ESA e n )
= Ce

M



Since P(0) = Po
,
we know Po -=Ce = C

M - Po

we have P(t) Po Mht
= C

M- P() M - Po

=> P(M - Po) = Po(M - P) eMRt

=> P(M - Po) + &Po eM = PoMe
URT

=> P[(M-P . ) + Poem] = POMEMIT
·

-MktPoMeMkt
=> P() = -

[(M- Po) + PoeM] · 2-MRE

=> PH) = M Po

Po + (M- Po) e
-ARE

· If P. = M . We have PH) = MM = M.

· If O < P.M, = RP(M-P) > 0 near Po and

P(t) = POM
S

POM
EM

Po + <pos . number] Po

If Po >M, P = P(M-P) < O near P. and
at

PollP(t) =
Po + regative number>

M
= M

In either case
, we find Pits=0

= M

-PHI approaches the finite limiting populationM as ->

We sometimes call M the carrying capacity of the environment.



 

Example 3.   Assuming , suppose that a population develops according to the logistic equation

 

where  is measured in weeks. Answer the following questions.

1. The carrying capacity is the limit  of the population size after a very long time. What is the 
carrying capacity?

 

 

 

 

 

2. When  is very small its growth is approximately exponential:  for some constants  and . 
Here  represents the "exponential growth rate". In this problem what is the value of  ?

 

 

 

 

3. For what values of  is the population increasing?

 

 

 

4. For what values of  is the population decreasing?

 

 

 

 

 

 

 

Part 2. An Application of Linear First-Order Equations: Mixture Problems  

dP
= 0 .

0007pMin Egn
ot

Thus the carrying capacity is 100.

dP
= 0 . 07p - 0 . 0007p

when P is small

dt - we can ignore the

k = 0 . 07
term 0, 0007 p"

From the Eg 2 . We know P - (0 , 100

PE /100 , 0



Part 2. An Application of Linear First-Order Equations: Mixture Problems  

A tank containing a solution-a mixture of solute and solvent-has both inflow and outflow. Our goal is to 
find the amount  of solute at time , given the initial amount .

Suppose that solution with a concentration of  grams of solute per liter of solution flows into the tank at 
the constant rate of  liters per second, and that the (mixed) solution in the tank flows out at the rate of 

 liters per second.

Analysis: Set up a differential equation for 

We want to estimate the change  during the brief time interval .

The amount of solute that flows into the tank during  seconds is 

The amount that flows out of the tank is more complex because it depends upon the conceration 

So the change  in the amount of solute is:

___________.

Dividing by , gives

_____________.

Let ,

____________.

Note , , and  are constant. But ____________.

If , then _______________.  So  is a constant when                         .

 

Therefore, 

 

 

 

ViCiOt

X(t)

V It)

ViCist-NoCoxt

Vili-VoCo

-KoCo
X (t)
VCt)

Vo+(ri-ro)t Vi = Vo

Note this is a linear 1st order equ.



 

Example 4
A tank initially contains 240 gal of pure water. Brine containing  of salt per gallon enters the tank at 

, and the (perfectly mixed) solution leaves the tank at ; thus the tank is empty after exactly 
.

(a) Find the amount of salt in the tank after t minutes.

(b) What is the maximum amount of salt ever in the tank?

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

VCO X (0) = 0

X (t)

ANS : V (0) = Vo = 240 gal
Vi = Igal/min, ci = (b/gal .
Vo = 4gal/min. Co = XI

.

Where UI) = VotCri-Vot
=240 -2t

We have
= ViCi - roCo where Co=

=>

= 2 - 4 - 4 .

x(t)

240 -27

PH)
= + 28 x H) = 1

+
QH)

①





Exercise 5. A tank contains  of salt and  of water. Pure water enters a tank at the rate . 
The solution is mixed and drains from the tank at the rate .

(1) What is the amount of salt in the tank initially?

(2) Find the amount of salt in the tank after 2 hours.

(3) Find the concentration of salt in the solution in the tank as time approaches infinity.

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Vo

X - Ci = 0ky/L

Vi = 8 1/min
Vo = 4/min

= 120 min

ANS : (1) We know X 101 = 70kg from the question

12) We need to find X1D0) . So we have to set up an

egn for
xIt) and solve it.

We know X (0) =70kg. Ci = 0 lg /,
Vi = 81/min , Vo = 4/min

C. = x, where UCHE= Votch-r + = 1000 + 4 +-

Thus
dx

= Vili-to X
at

= 8 . 0 4 X

1000 +4t

= = -

X

(separable egn in this
1000 + 45

special case).

I=>J =5 250 + t
d+

=(ux = - In (250+t) + C ,
= (n(250 +t)

+
+ C

,

=> x(t) = e((250
+ts
+

· 2 =((250 + t)
-



C=> x(t)=
250+t

As x (0) = 70 ,
we have C

250+0
= 70

=> c = 250x70 = 17500

Thus
x It)=

17500

250 + t

Note 2 hours = /20 mins.

We have
x (120) =

17500
=

17500

=250+ 120
370

13) We have XIt) = 17500

250 +t

Thus limxIt)= /im 17500
= O

t->A t->0 250 +t

Thus the amount of salt in the tank goes
to

0 as +-> 0.

So the concentrationCHL*) goes to 0g/t



Exercise 6.  At time , a tank contains  of salt dissolved in 100 gallons of water. Then brine containing 
 of salt per gallon of brine is allowed to enter the tank at a rate of  and the mixed solution is 

drained from the tank at the same rate.
(1) How much salt is in the tank at an arbitrary time?

(2) How much salt is in the tank at time 25 min?

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

OZ

ANS : We know X (0) = 20 02
·

V10) = Vo = 100 gal
Vi = 5gal/min , (i = 60z/gal
Vo = 5gal/min .

Then UH) = Vo + (ri -50) + = Vo = 100gal.

Thus dx
dt

= ViCi-roCo = ViCi-V .
XH)
VIts

= 30- 5 . You
=>

= 30 - 20, x 101 = 20 · (separable equs
(1) Feel free to solve the egn either

& linear first order .

using method for separable or linear first order.

①Solving * as a separable egn : Note =
600-X
20

:
Warning : There is

=>J x

=Ja
a negative sign

here = j
- d(600-x)

= Je- 600 - X

=> - In (600 -x) = 5 t + C,

=>In (600 X) = - Got - C,
=> 600 -x = Ce

2t



As X10) = 20 , we have

-

600-20 = 2200 => C = 580

Thus 600-x = 580-
+

=>x(t) = 600- 580
2+

② Solving as linear first order egn:
We have +

0
= 30, X (0)= 20

.

t

An integrating factor is p = Sodt = 50

Multiply
both sides by the ,

we have

((x) = 30.

Integrating , we get

px = e x(t) = (30C = 30x20) dato

=> =x()= 600+ Cz
=> x(t) = 600 + Ce

-

As x (0)= 20, x 101 = 600 + 2 .e = 20

= C = - 580



-Thus x It)= 600 - 580 &

Note both methods give
the same result.

12) .

Amount of salt after 25 minutes is

x (25) = 600 - 580e 433 . 802
.



Exercise 7. A tank initially contains  gallons of brine, with  pounds of salt in solution. Brine containing  
pounds of salt per gallon is entering the tank at the rate of  gallons per minute and is is flowing out at the 
same rate. If the mixture in the tank is kept uniform by constant stirring, find the amount of salt in the tank at 
the end of 40 minutes.

Solution.  From the question, we know   pounds,  gallons,  gallons/min,  
pounds/gallon, and  gallons/min.

Thus , which is a constant.

So we have

 

Simplify, we have

 

You can either solve it as a separable equation or a linear first order equation. We will solve it as a separable 
equation in this note. We have

 

Thus 

 

Thus we have . 

As , we know .

Thus 

Note when  is close to ,  is close to  pounds, which is less than . So we may assume 
 when we remove the absolution sign.

Thus we have 

So . 
Therefore   pounds.



Exercise 8. A population  obeys the logistic model. It satisfies the equation

 

1. The population is increasing when ____  _____

2. The population is decreasing when   ____

3. Assume that . Find .

Solution.

1. From the discussion in Example 2, we know the population is increasing when .

2. The population is decreasing when .

3. You can use either the formula derived in Example 2 directly, or compute the solution yourself. 

Note if you choose to apply the formula directly, we have , with 

,  and .

Thus 

. 

Then 

 

To solve this equation as a separable differential equation, we rewrite it as 

 

Assume .

Compare the coefficients, we know

 and . Thus 

Thus 

 

Thus we have 



 

So 

 

As , we know 

Thus 

 

Solve for , we get 

Then we get , which is the same as we got by applying the formula.


